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Abstract
We propose a lattice action for two-dimensional super-Yang–Mills theory with a twisted N = 2 supersymmetry. The extended supersymmetry
is fully and exactly realized on the lattice. The method employed is quite general and its extension to the N = 4 supersymmetry in four dimensions
is briefly presented. The lattice has a new type of “fermionic” links, where odd Grassmann variables, supercharges and fermionic connections sit.
The Leibniz rule is preserved on the lattice, although in a modified “shifted” form that takes into account the link nature of both derivatives and
supercharges. Superfields are semi-local objects and superfield expansion is naturally embedded in the lattice structure. The Dirac–Kähler twist
generates the extended twisted supersymmetry, turning the multiplicity of species doublers into the multiplicity due to the extended supersymme-
try. In this way the balance between bosonic and fermionic degrees of freedom is preserved.
© 2006 Elsevier B.V. Open access under CC BY license.1. Introduction
It has been a longstanding problem to formulate exact su-
persymmetry (SUSY) on a lattice. In recent years there was
a renewed interest on this problem with different approaches
[1–11]. We also proposed in [1] a discrete N = D = 2 twisted
SUSY algebra on a lattice. A chiral and anti-chiral pair of su-
perfields reproduced lattice super BF and Wess–Zumino actions
which have exact twisted SUSY for all supercharges. In this
Letter we extend our previous formulation to include gauge
fields, and we write a lattice action for N = 2 twisted super-
Yang–Mills (SYM) in two dimensions. The main new feature of
our approach compared to others is that our lattice actions have
exact discrete twisted SUSY invariance for all supercharges.
This was not achieved before. The formulation of the twisted
superalgebra by a Dirac–Kähler twisting procedure was pro-
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Open access under CC BY license.posed in the continuum for a number of theories, including
N = 4 twisted SUSY in four dimensions [12,13], and it plays
a fundamental role in preserving all supersymmetries on the
lattice. In fact it is only after the Dirac–Kähler twist that it is
possible to construct a lattice, made of both bosonic and fermi-
onic links, that embeds in its links the structure of the extended
SUSY algebra. The existence of such a lattice, for both the
N = 2 twisted SUSY in two dimensions and the N = 4 twisted
SUSY in four dimensions, is a non-trivial result and it is at the
root of the developments described in the present Letter.
2. Discretization of twisted SUSY algebra
One of the difficulties in formulating exact supersymmetry
on a lattice is the breaking of the Poincaré group by the lattice.
As a consequence derivatives are replaced on the lattice by fi-
nite differences, and these do not satisfy the Leibniz rule. This
is an important point, and defining lattice derivatives that satisfy
the Leibniz rule is a crucial step in establishing exact supersym-
metry on a lattice.
We will follow essentially the same approach already pre-
sented in Ref. [1], but with one important difference: we will
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just reflects the link nature of the momentum and of the super-
symmetry operators on the lattice.
The left finite difference operator Δ+μ defined by
(2.1)(Δ+μΦ)(x) = Φ(x + nμ) − Φ(x)
does not satisfy the usual Leibniz rule, but rather a modified
“shifted” one:
(Δ+μΦ1Φ2)(x)
(2.2)= (Δ+μΦ1)(x)Φ2(x) + Φ1(x + nμ)(Δ+μΦ2)(x)
which can be associated to a “shifted” commutator:
(2.3)(Δ+μΦ)(x) = Δ+μΦ(x) − Φ(x + nμ)Δ+μ.
Eq. (2.3) is best interpreted by considering the operator Δ+μ
as a link variable defined on the oriented link (x + nμ,x). The
shift in the argument of Φ then arises naturally. Comparison
of (2.3) with (2.1) shows that Δ+μ is a constant link variable
that takes the value −1 on the link (x + nμ,x) for any value
of x:
(2.4)(Δ+μ)x+nμ,x = −1.
Similarly the right finite difference operator Δ−μ can be de-
fined as a link variable that takes the value +1 on the link
(x − nμ,x) for any x.
The anti-commutator of two supercharges should on the lat-
tice give either a left or a right finite difference operator, so it is
natural to assume that the SUSY transformations generated by
a supercharge QA are defined on the lattice by a shifted (anti-)
commutator of the type (2.3):
(2.5)sAΦ(x, θ) = QAΦ(x, θ) − Φ(x + aA, θ)QA,
where aA are some new shifts to be defined. This implies im-
plementing the lattice with fermionic links (x + aA,x), the
supercharges QA sitting on them as link variables. Consistently
the Grassmann variables θA that define the superspace describe
constant link variables associated to the links (x, x + aA), θA
being their common value. Similarly ∂
∂θA
will be associated
to constant link variables on the same links as QA, namely
(x + aA,x), and can be viewed as the same link variable as
θA with opposite link orientation. The standard algebraic prop-
erties of the θA and ∂∂θA variables should now be interpreted as
link relations, for instance θAθB + θBθA = 0 would read
(θA)x,x+aA(θB)x+aA,x+aA+aB
(2.6)+ (θB)x,x+aB (θA)x+aB,x+aA+aB = 0.
The superfield structure is then mapped into the fermionic
lattice structure, with the superfield expansion now reading as
follows:
F(x, θ) = f (x) + (θA)x,x+aAfA(x + aA)
+ (θA)x,x+aA(θB)x+aA,x+aA+aB fAB(x + aA + aB)
(2.7)+ · · · .
The link nature of θA has been emphasized here, but the link
labels in (θA)x,x+aA may be dropped as θA is a constant linkvariable. The expansion (2.7) coincides with the one given
in [1], however no reference to non-commutativity is needed
any longer as all shifts in the arguments naturally follow from
the link nature of the variables involved.
The non-trivial part of this lattice formulation is finding a
set of shifts aA that is consistent with the SUSY algebra. The
choice of aA implies choosing a base in the space of the super-
charges, namely choosing the orientation of the fermionic links,
in the same way as the choice of nμ defines a base in the space
of translations and defines the orientation of the bosonic lattice.
This choice is non-trivial and not without consequences: consis-
tency with the SUSY algebra is obtained only with very specific
choices of the base and of the shifts aA, and this choice may or
may not break R-symmetry and the residual discrete Lorentz
invariance. Preserving R-symmetry and Lorentz invariance is a
delicate and important problem that will not be addressed in the
present Letter.
Let QA be the supercharges of the chosen base and aA the
corresponding shifts. Consistency with the SUSY algebra re-
quires that the only non-vanishing anti-commutators of two
supercharges give the finite difference operator in one of the
lattice directions, namely for some A, B and μ:
(2.8){QA,QB} = Δ±μ
and
(2.9)aA + aB = ±nμ.
To our knowledge there are only two SUSY algebras where
conditions (2.8) and (2.9) can be satisfied for some QA and
aA: the N = 2 twisted supersymmetry in two dimensions and
the N = 4 twisted supersymmetry in four dimensions.
The solution for the two-dimensional N = 2 twisted SUSY
algebra was found already in [1]. The key point, as mentioned
before, is the choice of the correct base in the space of the
SUSY generators Qαi (α and i both take the values 1 and 2 and
are respectively the Lorentz spinor index and the internal sym-
metry index labeling the two different N = 2 supercharges).
The only base that makes the lattice discretization of the SUSY
algebra consistent in the sense of Eqs. (2.8) and (2.9) is ob-
tained by treating the two indices in Qαi as matrix indices and
expanding Qαi on the base of two-dimensional γ matrices:
(2.10)Qαi =
(
1Q + γ μQμ + γ 5Q˜
)
αi
.
The non-vanishing anti-commutators of the discretized twisted
SUSY algebra then read
(2.11){Q,Qμ} = iΔ+μ, {Q˜,Qμ} = −iμνΔ−ν
with the shifts aA satisfying the following relations:
a + aμ = nμ, a˜ + aμ = −|μν |nν,
(2.12)a + a˜ + a1 + a2 = 0.
One shift (for instance a) is not determined by (2.12) and
can be chosen arbitrarily. A convenient choice, that will be
often used in what follows and is shown in Fig. 1, is the sym-
metric choice where a = (1/2,1/2) = −a˜ and a1 = −a2 =
(1/2,−1/2).
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It is important to realize that Qαi is identified as N = 2 ex-
tended supercharges, satisfying
(2.13){Qαi, Q¯jβ} = 2iδij (γ )αβ∂μ,
where Q¯iα = (C−1QT C)iα . In Euclidean two dimensions we
can take C = 1 for Majorana representation.
Although not explicitly shown in (2.11) all anti-commutators
in it must be understood as link relations according to the previ-
ous discussion, the conditions (2.12) ensuring the consistency.
For instance the explicit form of the first equation in (2.11)
showing the link structure is
{Q,Qμ}x+nμ,x
= (Q)x+nμ,x+aμ(Qμ)x+aμ,x + (Qμ)x+nμ,x+a(Q)x+a,x
(2.14)= i(Δ+μ)x+nμ,x .
The form of the supercharges in terms of the θA variables was
given in [1]. With the link indices explicitly showing they read:
(Q)x,x−a =
(
∂
∂θ
)
x,x−a
+ i
2
(θμ)x,x+aμ(Δ+μ)x+aμ,x−a,
(Q˜)x,x−a˜ =
(
∂
∂θ˜
)
x,x−a˜
− i
2
μν(θ
μ)x,x+aμ(Δ−ν)x+aμ,x−a˜ ,
(2.15)
(Qμ)x,x−aμ =
(
∂
∂θμ
)
x,x−aμ
+ i
2
(θ)x,x+a(Δ+μ)x+a,x−aμ
− i
2
μν(θ˜)x,x+a˜ (Δ−ν)x+a˜,x−aμ .
The covariant derivatives D, D˜ and Dμ are defined in the same
way but with a change of sign with respect to (2.15) in front of
the terms containing Δ±μ.
A discretized N = 4 SUSY algebra in four dimensions can
be found following exactly the same procedure as for the N = 2
in two dimensions: first we expand the 16 supercharges Qαi in
the “twisted” base of the four-dimensional γ matrices:
(2.16)
Qαi = 1√
2
(
1Q + γ μQμ + 12γ
μνQμν + γ˜ μQ˜μ + γ5Q˜
)
αi
.
It is again important to realize that a conjugate charge can be
defined just as in the two-dimensional case and satisfies an
extended N = 4 super algebra where C = −CT in Euclidean
four dimensions. The details of the notation and the full N = 4
twisted SUSY algebra by Dirac–Kähler twist will be found
in [13].The discretized twisted SUSY algebra can then be written as
(only non-vanishing anti-commutators are given)
{Q,Qμ} = +iΔ+μ,
{Qμ,Qρσ } = −iδμρΔ−σ + iδμσΔ−ρ,
{Q˜, Q˜μ} = +iΔ−μ,
(2.17){Q˜μ,Qρσ } = +iμρσνΔ+ν .
All charges QA are link variables defined on links (x, x − aA)
and the anti-commutators are to intend a link anti-commutators.
The consistency conditions for the shifts aA are given by
a + aμ = nμ, aμ + aμρ = −nρ,
(2.18)a˜μ + aρσ = |μνρσ |nν, a˜ + a˜μ = −nμ,
for μ = ρ = σ . Again one shift is not determined by (2.18).
We are not going to develop the four-dimensional N = 4
theory in this Letter. However the very existence of the alge-
bra (2.17) with the consistency conditions (2.18) is important
as it denotes that a lattice formulation of the N = 4 SYM with
all supersymmetry exact is a likely possibility.
Both in the N = 2 and in the N = 4 case the lattice for-
mulation requires that the supercharges are expanded in the
“twisted” base. This is certainly not accidental, and its deep
reason resides in the chiral fermion problem. In fact the same
type of expansion for a fermionic field ψαi(x) gives rise to
Dirac–Kähler fermions, which then are the only one to have
a precise correspondence with the geometrical elements of the
lattice (sites, links, etc.). Dirac–Kähler fermions may also be in-
terpreted as fermion doublers, thus trading the multiplicity due
to extended supersymmetry for the multiplicity due to the dou-
bling phenomenon. The notorious “flavor” degrees of freedom
originated from species doublers is now identified as extended
SUSY degrees of freedom, which is stressed in [1,12,13]. In
this way the balance between bosonic and fermionic degrees
of freedom is not affected by doubling and supersymmetry can
be preserved. This is ultimately the reason why only extended
supersymmetries can be discretized, at least in the present ap-
proach.
In Ref. [1] we used the discrete N = 2 algebra (2.11) to for-
mulate supersymmetric N = 2 BF theory and Wess–Zumino
model on the lattice keeping all supersymmetries exact, the
“mild non-commutativity” introduced there being equivalent to
the present link variable formulation. We want now to discuss
the case of supersymmetric gauge theories, beginning with the
N = 2 SYM theory in two dimensions and leaving the more
difficult case of the four-dimensional N = 4 SYM theory to fu-
ture investigation. In this context the present link interpretation
proves very useful, in fact in order to introduce the gauge vari-
ables it is enough to replace the constant link variables intro-
duced above (both bosonic and fermionic) with corresponding
gauge degrees of freedom:
(2.19)Δ±μ → ∓U±μ, QA → ∇A,
where U±μ and ∇A are x dependent
(2.20)(U±μ)x±nμ,x = Ux±nμ,x, (∇A)x+aA,x = ∇x+aA,x
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in this correspondence also the fermionic superspace coordi-
nates θA and the corresponding derivatives ∂∂θA should become
gauge link variables, and one should be able to express ∇A in
terms of them and of U±μ. However all we need to formu-
late the theory is the algebra of ∇A and U±μ, so this problem
does not need to be addressed yet.1 In the lattice formulation of
N = 2 SYM theory the link variables Ux±nμ,x are not unitary
matrices: Ux+nμ,xUx,x+nμ = 1. In fact if one looks at the theory
as resulting from dimensional reduction of the N = 1 theory in
four dimension one finds that the gauge link variables U±μ may
be expressed as
(2.21)(U±μ)x±nμ,x =
(
e±i(Aμ±iφ(μ))
)
x±nμ,x,
where the non-unitary parts φ(μ) (μ = 1,2) are the remnants of
the gauge fields in the two compactified dimensions and repre-
sent the two scalar fields of the compactified theory.
3. Lattice formulation of twisted N = 2 super-Yang–Mills
in two dimensions
Based on the arguments given in the previous sections we
explicitly construct N = D = 2 super-Yang–Mills (SYM) ac-
tion which has an exact lattice SUSY invariance for all twisted
supercharges in a manifestly gauge covariant manner. The for-
mulation we propose here essentially corresponds to a lattice
counterpart of the superconnection formalism given in [13]. In
contrast with the continuum formulation, we need not explicitly
refer to superconnections and Wess–Zumino gauge fixing in the
lattice formulation. The main ingredients are gauge covariant
bosonic and fermionic link variables U±μ and ∇A which carry
the same shifts as Δ±μ and QA, as summarized in Table 1. The
gauge transformation of link variables on a lattice are given by
(3.1)(U±μ)x±nμ,x → Gx±nμ(U±μ)x±nμ,xG−1x ,
(3.2)(∇A)x+aA,x → Gx+aA(∇A)x+aA,xG−1x ,
where Gx denotes the finite gauge transformation at the site x.
Next we impose the following N = 2 SYM constraints on a
lattice,
(3.3){∇,∇μ}x+a+aμ,x = +i(U+μ)x+nμ,x,
(3.4){∇˜,∇μ}x+a˜+aμ,x = +iμν(U−ν)x−nν,x,
(3.5){others} = 0,
where U±μ are the gauge link variables introduced in (2.19)
and defined in (2.21). The left-hand side (l.h.s.) of (3.3)–(3.5)
Table 1
Shifts carried by link variables and fields
∇ ∇˜ ∇μ U±μ ρ ρ˜ λμ K
Shift a a˜ aμ ±nμ Shift −a −a˜ −aμ 0
1 Nor we need to address here the role of the covariant derivatives DA in this
correspondence as the definition of chiral superfields is not required.should be understood as link anti-commutators
{∇,∇μ}x+a+aμ,x = (∇)x+a+aμ,x+aμ(∇μ)x+aμ,x
(3.6)+ (∇μ)x+a+aμ,x+a(∇)x+a,x,
{∇˜,∇μ}x+a˜+aμ,x = (∇˜)x+a˜+aμ,x+aμ(∇μ)x+aμ,x
(3.7)+ (∇μ)x+a˜+aμ,x+a˜ (∇˜)x+a˜,x ,
which connect between neighboring bosonic sites via two dif-
ferent fermionic paths in a gauge covariant way.
Jacobi identities of three fermionic link variables together
with the constrains (3.3)–(3.5) give
(3.8)[∇,U+μ]x+a+nμ,x = [∇˜,U−μ]x+a˜−nμ,x = 0,
(3.9)[∇μ,U+ν]x+aμ+nν,x + [∇ν,U+μ]x+aν+nμ,x = 0,
(3.10)νλ[∇μ,U−λ]x+aμ−nλ,x + μλ[∇ν,U−λ]x+aν−nλ,x = 0,
(3.11)μν[∇,U−ν]x+a−nν,x + [∇˜,U+μ]x+a˜+nμ,x = 0,
where again the l.h.s. should be understood as link commuta-
tors. Note that within each equation (3.8)–(3.11), the end points,
which appear to be different, are actually the same thanks to
Eqs. (2.12). In agreement with the above relations, one may de-
fine the following non-vanishing fermionic link fields
(3.12)[∇μ,U+ν]x+aμ+nν,x ≡ −μν(ρ˜)x−a˜,x ,
(3.13)[∇μ,U−ν]x+aμ−nν,x ≡ −δμν(ρ)x−a,x,
(3.14)
μν[∇,U−ν]x+a−nν,x = −[∇˜,U+μ]x+a˜+nμ,x
≡ −μν(λν)x−aν ,x,
which are N = 2 twisted fermions on a lattice. The geo-
metrical configuration underlying Eq. (3.12) that defines the
fermionic link field ρ˜x−a˜,x is shown in Fig. 2. Due to the Ja-
cobi identities ρ˜x−a˜,x is given by either [∇2,U+1]x+a2+n1,x
or [∇1,U+2]x+a1+n2,x . With the first of the two choices,
the fermionic link field ρ˜x−a˜,x can be thought of as the
difference of the two link paths (∇2)x−a˜,x+n1(U+1)x+n1,x
and (U+1)x−a˜,x+a2(∇2)x+a2,x . Same for the other choice.
Eqs. (2.12) are obviously crucial for consistency. Similar con-
figurations could be easily found for the defining equations of
ρ and λν . These geometrical relations uniquely determine the
relative locations of the fermionic link fields ρ˜, ρ,λμ and of the
bosonic link fields U±μ on the lattice. This is shown, in the case
of the symmetric choice of aA, in Fig. 3. It is important to real-
ize that the bosonic links U±μ are composed of fermionic links
Fig. 2. Geometrical configuration around ρ˜.
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as ρ˜, ρ,λμ defined on the corresponding link are composed of
the fermionic and bosonic link variables as we have just seen,
and as a result, the lattice gauge covariance of the system is, by
construction, manifest.
Jacobi identities of four fermionic link variables together
with the relations in (3.12)–(3.14) lead to the following rela-
tions:
(3.15){∇, ρ˜}x+a−a˜,x = − i2μν[U+μ,U+ν]x+nμ+nν,x,
(3.16){∇˜, ρ}x+a˜−a,x = + i2μν[U−μ,U−ν]x−nμ−nν,x,
(3.17){∇, ρ}x,x = − i2 [U+μ,U−μ]x,x − Kx,x,
(3.18){∇˜, ρ˜}x,x = + i2 [U+μ,U−μ]x,x − Kx,x,
(3.19)
{∇μ,λν}x+aμ−aν,x = −i[U+μ,U−ν]x+nμ−nν,x
+ δμν
(
Kx,x + i2 [U+ρ,U−ρ]x,x
)
,
(3.20)
{∇μ,ρ}x+aμ−a,x = {∇μ, ρ˜}x+aμ−a˜,x = {∇, λμ}x+a−aμ,x
= {∇˜, λμ}x+a˜−aμ,x = 0,
where Kx,x = 12 {∇μ,λμ}x,x is an auxiliary field, being de-
fined on a site, and ensures the off-shell closure of the twisted
SUSY algebra on the lattice. The shift parameters defining the
fermionic link fields and the auxiliary field are summarized in
Table 1. It is interesting to note that all the relations derived
Fig. 3. Twisted N = 2 SYM multiplet on a lattice.from Jacobi identities in (3.15)–(3.20) have similar geometrical
interpretation as the defining equation (3.12) for ρ˜. For exam-
ple the relation in (3.15) shows that {∇, ρ˜}x+a−a˜,x denotes a
doubly extended fermionic link pointing into the a direction in
the symmetric choice of the shift parameters (a = −a˜). As we
can see from Fig. 3, this doubly extended fermionic link can
be identified as two link paths in the bosonic link commutator
[U+1,U+2]x+n1+n2,x . The other relations have similar geomet-
rical interpretations.
SUSY transformation of twisted N = 2 lattice gauge multi-
plets can be determined from the above relations resulting from
the Jacobi identities via
(3.21)(sAϕ)x+aϕ+aA,x = sA(ϕ)x+aϕ,x ≡ [∇A,ϕ}x+aϕ+aA,x,
where (ϕ)x+aϕ,x denotes one of the component fields in
(U±μ,ρ, ρ˜, λμ,K). The results are summarized in Table 2. As
a natural consequence of the formulation, one can see that the
N = 2 SUSY algebra closes at off-shell (modulo gauge trans-
formations) on a lattice,
(3.22){s, sμ}(ϕ)x+aϕ,x = +i[U+μ,ϕ]x+aϕ+nμ,x,
(3.23){s˜, sμ}(ϕ)x+aϕ,x = +iμν[U−ν, ϕ]x+aϕ−nν,x,
(3.24)s2(ϕ)x+aϕ,x = s˜2(ϕ)x+aϕ,x = 0,
(3.25){s, s˜}(ϕ)x+aϕ,x = {sμ, sν}(ϕ)x+aϕ,x = 0,
where again ϕ denotes any component of the multiplet (U±μ,ρ,
ρ˜, λμ,K).
The exact SUSY invariant action with respect to all the
twisted supercharges on the lattice can be constructed by
the successive operation of the twisted supercharge sA on
1
4 (U+μU−μ + U−μU+μ),
(3.26)S ≡ 1
8
∑
x
Tr ss˜μνsμsν(U+μU−μ + U−μU+μ)
=
∑
x
Tr
[
1
4
[U+μ,U−μ]x,x[U+ν,U−ν]x,x + K2x,x
− 1
4
μνρσ [U+μ,U+ν]x,x−nμ−nν [U−ρ,U−σ ]x−nρ−nσ ,x
− i[U+μ,λμ]x,x−a(ρ)x−a,x
(3.27)− i(ρ˜)x,x+a˜μν[U−μ,λν]x+a˜,x
]
,
where the summation over x should cover the bosonic sites
(m1,m2) as well as fermionic sites (m1 + 12 ,m2 + 12 ) (m1,m2:
integers) for the symmetric choice of the shift parameter aATable 2
SUSY transformation of N = 2 lattice super-Yang–Mills multiplet
s s˜ sμ
U+ν 0 +νρλρ −μν ρ˜
U−ν −λν 0 −δμνρ
λν 0 0 −i[U+μ,U−ν ] + δμν(K + i2 [U+ρ,U−ρ ])
ρ − i2 [U+ρ,U−ρ ] − K + i2 ρσ [U−ρ,U−σ ] 0
ρ˜ − i2 ρσ [U+ρ,U+σ ] + i2 [U+ρ,U−ρ ] − K 0
K + i2 [U+ρ,λρ ] − i2 ρσ [U−ρ,λσ ] − i2 [U+μ,ρ] − i2 μν [U−ν , ρ˜]
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uct of the supercharges is irrelevant up to the gauge transforma-
tion of the form in (3.22) and (3.23). Note that because of the
exact form with respect to all the nilpotent supercharges, the ac-
tion has, by construction, off-shell twisted SUSY invariance for
all the supercharges. The terms originated from the non-anti-
commuting nature of (s, s˜) and (sμ), the right-hand side of (3.3)
and (3.4), can be identified as surface terms and thus vanish.
This action has several interesting characteristics. Each term
in the action consists of “closed loop” in a general sense. The
first term in the action consists of zero area loops on a link as
shown in Fig. 4. The second term is auxiliary field square de-
fined on a site. The third term consists of a plaquette term which
generates standard Yang–Mills action and zero area loops ex-
tending over two links shown in Figs. 5 and 6. The fourth and
fifth terms in the action consist of fermionic loops depicted in
Fig. 4. Zero area loop on a link.
Fig. 5. Plaquette.
Fig. 6. Zero area loop extending over two links.Fig. 7 which have an opposite orientation. It is important to
recognize that the zero area loops in the action generate scalar
terms since the non-unitary component in the link exponent of
U±μ of (2.21) remains in the term like U+μU−μ.
The closed loop nature of all terms in the action ensures
the manifest gauge invariance. Notice that this invariance has
a deep relation to the arguments of the Leibniz rule on the lat-
tice since the closure nature of each loop can be traced back
to the shift-less property of ss˜s1s2 which is the direct conse-
quence of the consistency condition for the Leibniz rule on a
lattice, namely, the vanishing sum of aA in (2.12).
The naive continuum limit of the action (3.27) can be taken
through the expansion of gauge link variables (2.21),
(U±μ)x±nμ,x =
(
e±i(Aμ±iφ(μ))
)
x±nμ,x
(3.28)= (1 ± i(Aμ ± iφ(μ))+ · · ·)x±nμ,x,
where we identify that Aμ(x+ nμ2 ) and φ(μ)(x+ nμ2 ) are located
on a middle of link. Inserting the expansion and using some
trace properties, we obtain a continuum action
S → Scont =
∫
d2x Tr
[
1
2
FμνFμν +
[Dν, φ(μ)][Dν, φ(μ)]
+ K2 − 1
2
[
φ(μ),φ(ν)
][
φ(μ),φ(ν)
]+ i[Dμ,λμ]ρ
− iρ˜μν[Dμ,λν] + i
[
φ(μ), λμ
]
ρ
(3.29)+ iρ˜μν
[
φ(μ), λν
]]
,
where Fμν ≡ i[Dμ,Dν] denotes ordinary gauge field strength
with Dμ ≡ ∂μ − iAμ while φ(μ) (μ = 1,2), as mentioned
above, represent the two independent scalar fields in the N =
D = 2 twisted SYM multiplet. In fact, (3.29) can be shown to
have complete agreement with the continuum construction of
N = D = 2 twisted SYM.
One can as well take the continuum limit of the lattice SUSY
transformation of the component fields. For example, the lattice
SUSY transformations: s˜U+ν = +νρλρ and s˜U−ν = 0, respec-
tively, lead
s˜
(
1 + i(Aν + iφ(ν))+ · · ·)= νρλρ,
(3.30)s˜(1 − i(Aν − iφ(ν))+ · · ·)= 0,
from which we find their continuum counterparts as
(3.31)s˜Aν = − i2νρλρ, s˜φ
(ν) = −1
2
νρλρ.Fig. 7. Fermionic oriented loops.
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SUSY transformation laws for Aν and φ(ν)
s s˜ sμ
Aν − i2 λν − i2 νρλρ + i2 μν ρ˜ − i2 δμνρ
φ(ν) + 12 λν − 12 νρλρ + 12 μν ρ˜ + 12 δμνρ
Other SUSY transformation of the component fields in the con-
tinuum limit can also be uniquely determined in the same man-
ner. Table 3 summarizes the twisted SUSY transformation in
the continuum limit for Aν and φ(ν), which completely agrees
with those of the continuum construction. The SUSY transfor-
mation of the fermionic fields and auxiliary field can be just
read off from the lattice counterpart of Table 2 by simply re-
placing U±μ → ∓(∂μ − iAμ ± φ(μ)).
4. Discussions
Lattice actions for SYM theories in which the scalar part of
twisted supersymmetry is exactly preserved on the lattice were
proposed by several authors [6]. In particular the connection
between the Dirac–Kähler mechanism and twisted SUSY for
SYM was also stressed in [7]. It was argued that scalar part
of the twisted SUSY invariance assures the recovery of the full
SUSY invariance in the continuum limit. In our approach all su-
persymmetries of the twisted N = 2 SUSY are exactly realized
in the lattice action for two-dimensional N = 2 SYM, as a nat-
ural consequence of the Dirac–Kähler twisting mechanism for
the supercharges. We have introduced a lattice where the anti-
commutators of the SUSY algebra and the Jacobi identities can
be read off as geometric relations amongst the elements of the
lattice and we have shown that the link nature of the differ-
ence operator and of the super covariant derivatives is in fact
equivalent (but conceptually much more powerful) to the “mild
non-commutativity” introduced in our previous paper.
It is also worth mentioning that N = D = 2 SYM lattice ac-
tion, with just one exact supersymmetry, was also obtained by
the orbifold-deconstruction method in [4]. Although the con-
nection between this method and our approach is unclear, it
is interesting that the lattice in [4] appears to be a degenerate
case of our lattice, namely the one corresponding to the choice
a = (0,0) of the shift parameter.
The details of the present formulation together with the con-
nection with other approaches will be given in a separate publi-
cation [15].
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